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Learning goals for today

At the end of class, you will be able to:

1. assess statistical uncertainty (sample-to-sample variability) by
a computational procedure
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A motivating problem

▶ Sample of 10 Dodger players

▶ Mean salary = $3.8 million

How much do you trust this as an estimate of the population mean
salary?
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Estimator: Sample mean

µ̂ =
1

n

∑
i

Yi

How statistically uncertain is µ̂?
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Standard error of the sample mean

SD(µ̂) =
√

V(µ̂) =
SD(Y )√

n
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A standard error captures sample-to-sample variability of
the sample mean (second plot)
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Confidence interval

µ̂ → Normal

(
Mean = E(Y ), SD =

SD(Y )√
n

)
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Confidence interval

A 95% confidence interval is a range (µ̂Lower, µ̂Upper) such that

P(µ̂Lower < µ < µ̂Upper) = .95

You may know this formula:

µ̂± 1.96× ŜD(µ̂)

where 1.96 comes from the properties of the normal distribution.
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Replacing math with computation: The bootstrap
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How our estimate comes to be

F → data → s(data)

1. The world produces data

2. Our estimator function s() converts data to an estimate
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The bootstrap idea

F → data → s(data)

F̂ → data∗ → s(data∗)

▶ F is the true distribution of data in the population

▶ F̂ is a plug-in estimator: our empirical data distribution
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The bootstrap idea

1. Generate data∗ by sampling with replacement from data

2. Apply the estimator function

3. Repeat (1–2) many times. Get a distribution.
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Original sample
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Bootstrap sample
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Bootstrap: Many sample estimates
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Bootstrap standard errors

Goal: Standard deviation across hypothetical sample estimates
Estimator: Standard deviation across bootstrap estimates

ŜD(s) =
1

B − 1

B∑
r=1

(
s(data∗r )− s(data∗•)

)2
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Bootstrap confidence intervals

Two (of many) approaches

▶ normal approximation

▶ percentile method
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Bootstrap confidence intervals
Normal approximation

Point estimate + Bootstrap Standard Error + Normal
Approximation
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Bootstrap confidence intervals
Percentile method

Point estimate + Bootstrap Distribution + Percentiles

(requires a larger number of bootstrap samples)
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Bootstrap discussion: Causal outcome model

Suppose a researcher carries out the following procedure.

1. Sample n units from the population

2. Learn an algorithm f̂ : {A, X⃗} → Y to minimize squared error

3. Predict the average causal effect

τ̂ =
1

n

n∑
i=1

(
f̂ (A = 1, X⃗ = x⃗i )− f̂ (A = 0, X⃗ = x⃗i )

)
How would you make a bootstrap confidence interval for τ̂?
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Bootstrap discussion: Causal outcome model

For each replicate r = 1, . . . ,10,000,

1. Draw bootstrap sample data∗r

2. Estimate τ̂∗r

Produces many estimates τ̂∗1 , . . . , τ̂
∗
10,000

Report the 2.5 and 97.5 percentiles of those
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Complex samples

▶ stratified

▶ clustered

▶ beyond
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Simple random sample

Sample 150 players at random.
(standard bootstrap applies)
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Stratified sample

Sample 10 players on each of 30 teams

▶ Why doesn’t the simple bootstrap mimic this sampling
variability well?

Solution: Stratified bootstrap

▶ Take resamples within groups

▶ Preserve distribution across groups
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Clustered sample

Sample 10 teams. Record data on all players in sampled teams.

▶ Why doesn’t the simple bootstrap mimic this sampling
variability well?

Solution: Cluster bootstrap

▶ Bootstrap the groups
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Complex survey sample

▶ Often stratified and clustered, in multiple stages

▶ Strata and clusters are often restricted geographic identifiers
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Complex survey sample: Replicate weights

▶ Point estimate τ̂

▶ Replicate estimates τ̂1, τ̂2, . . .
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Complex survey sample: Replicate weights

Re-aggregate as directed by survey documentation.
Current Population Survey (example with documentation)

StandardError(τ̂) =

√√√√ 4

160

160∑
r=1

(τ̂∗r − τ̂)2
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Words of Warning

The bootstrap makes inference easy, but there are catches.

▶ biased estimator

▶ not centered correctly → undercoverage

▶ estimator is something like max(y⃗)

▶ max(y⃗∗) never above max(y⃗)
▶ depends heavily on a particular point
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