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Learning goals for today

At the end of class, you will be able to:

1. Understand the logic of instrumental variables

2. Derive the average effect among compliers in experiments
with noncompliance
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Key assumptions of this DAG:

1. Exchangeability of Z : Z ⊥⊥ {Y z=1,Y z=0}
2. No direct effect of Z : Z affects Y only through A
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Two causal estimands

1. Intent to treat effect

2. Average effect among compliers



Instrumental variables: 1) Intent to treat effect
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E(Y | Z = 1)− E(Y | Z = 0)
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Instrumental variables: 2) Average effect among compliers

Imbens, G., & Angrist, J. (1994). Identification and estimation of
local average treatment effects. Econometrica, 62(2), 467-475.

https://www.nber.org/papers/t0118
https://www.nber.org/papers/t0118
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Key insight: The effect of Z on Y operates entirely through A

1. Study the effect of Z → Y (we just did)

2. Study the effect of Z → A

3. Learn about A → Y since Z → Y is Z → A → Y
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The effect Z → A has four principal strata:
latent sets of people who respond to Z a particular way

Compliers AZ=0 = 0 AZ=1 = 1 (follow assignment)

Always takers AZ=0 = 1 AZ=1 = 1 (always take treatment)

Never takers AZ=0 = 0 AZ=1 = 0 (never take treatment)

Defiers AZ=0 = 1 AZ=1 = 0 (defy assignment)

Discuss: In which strata is the effect Z → Y zero?
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Four principal strata

Compliers (Z → A) = +1 (Z → Y ) = (A → Y )

Always takers (Z → A) = 0 (Z → Y ) = 0

Never takers (Z → A) = 0 (Z → Y ) = 0
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Discuss a hypothetical.
Population is 50% compliers, 25% always takers, 25% never takers
Average effect of Z → Y among compliers is 0.6

What is the average effect of Z → Y in the population?



Instrumental variables: 2) Average effect among compliers

Z A Y

U

Randomized
to drug or
placebo

Actually
takes drug or

placebo
Health
outcome

Inclination
to comply

Instrument Treatment Outcome

Four principal strata

Compliers (Z → A) = +1 (Z → Y ) = (A → Y )

Always takers (Z → A) = 0 (Z → Y ) = 0

Never takers (Z → A) = 0 (Z → Y ) = 0

Defiers (Z → A) = −1 (Z → Y ) = −(A → Y )

Assume no defiers in the population

Discuss a hypothetical.
Population is 50% compliers, 25% always takers, 25% never takers
Average effect of Z → Y among compliers is 0.6

What is the average effect of Z → Y in the population?



Instrumental variables: 2) Average effect among compliers

Z A Y

U

Randomized
to drug or
placebo

Actually
takes drug or

placebo
Health
outcome

Inclination
to comply

Instrument Treatment Outcome

Four principal strata

Compliers (Z → A) = +1 (Z → Y ) = (A → Y )

Always takers (Z → A) = 0 (Z → Y ) = 0

Never takers (Z → A) = 0 (Z → Y ) = 0

Discuss a hypothetical.
Population is 50% compliers, 25% always takers, 25% never takers
Average effect of Z → Y among compliers is 0.6

What is the average effect of Z → Y in the population?



Instrumental variables: 2) Average effect among compliers

Z A Y

U

Randomized
to drug or
placebo

Actually
takes drug or

placebo
Health
outcome

Inclination
to comply

Instrument Treatment Outcome

Four principal strata

Compliers (Z → A) = +1 (Z → Y ) = (A → Y )

Always takers (Z → A) = 0 (Z → Y ) = 0

Never takers (Z → A) = 0 (Z → Y ) = 0

Discuss a hypothetical.

Population is 50% compliers, 25% always takers, 25% never takers
Average effect of Z → Y among compliers is 0.6

What is the average effect of Z → Y in the population?



Instrumental variables: 2) Average effect among compliers

Z A Y

U

Randomized
to drug or
placebo

Actually
takes drug or

placebo
Health
outcome

Inclination
to comply

Instrument Treatment Outcome

Four principal strata

Compliers (Z → A) = +1 (Z → Y ) = (A → Y )

Always takers (Z → A) = 0 (Z → Y ) = 0

Never takers (Z → A) = 0 (Z → Y ) = 0

Discuss a hypothetical.
Population is 50% compliers, 25% always takers, 25% never takers

Average effect of Z → Y among compliers is 0.6

What is the average effect of Z → Y in the population?



Instrumental variables: 2) Average effect among compliers

Z A Y

U

Randomized
to drug or
placebo

Actually
takes drug or

placebo
Health
outcome

Inclination
to comply

Instrument Treatment Outcome

Four principal strata

Compliers (Z → A) = +1 (Z → Y ) = (A → Y )

Always takers (Z → A) = 0 (Z → Y ) = 0

Never takers (Z → A) = 0 (Z → Y ) = 0

Discuss a hypothetical.
Population is 50% compliers, 25% always takers, 25% never takers
Average effect of Z → Y among compliers is 0.6

What is the average effect of Z → Y in the population?



Instrumental variables: 2) Average effect among compliers

Z A Y

U

Randomized
to drug or
placebo

Actually
takes drug or

placebo
Health
outcome

Inclination
to comply

Instrument Treatment Outcome

Four principal strata

Compliers (Z → A) = +1 (Z → Y ) = (A → Y )

Always takers (Z → A) = 0 (Z → Y ) = 0

Never takers (Z → A) = 0 (Z → Y ) = 0

Discuss a hypothetical.
Population is 50% compliers, 25% always takers, 25% never takers
Average effect of Z → Y among compliers is 0.6

What is the average effect of Z → Y in the population?



Instrumental variables: 2) Average effect among compliers

Z A Y

U

Randomized
to drug or
placebo

Actually
takes drug or

placebo
Health
outcome

Inclination
to comply

Instrument Treatment Outcome

Four principal strata

Compliers (Z → A) = +1 (Z → Y ) = (A → Y )

Always takers (Z → A) = 0 (Z → Y ) = 0

Never takers (Z → A) = 0 (Z → Y ) = 0

Discuss a hypothetical.
Population is 50% compliers, 25% always takers, 25% never takers
Average effect of Z → Y among compliers is 0.6

What is the average effect of Z → Y in the population? 0.3



Instrumental variables: 2) Average effect among compliers

Deriving the general case:

E(Y Z=1 − Y Z=0)

=
∑
s

E(Y Z=1 − Y Z=0 | S = s) P(S = s)︸ ︷︷ ︸
Denote

πs

= E(Y Z=1 − Y Z=0 | S = Complier)πComplier

+ E(Y Z=1 − Y Z=0 | S = Always-Taker)πAlways-Taker

(= 0)

+ E(Y Z=1 − Y Z=0 | S = Never-Taker)πNever-Taker

(= 0)

+ E(Y Z=1 − Y Z=0 | S = Defier)πDefier

(= 0)
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Instrumental variables: 2) Average effect among compliers

E(Y Z=1 − Y Z=0) = E(Y Z=1 − Y Z=0 | S = Complier)πComplier

Average effect
of instrument

= Average among
compliers

× Proportion
who comply

Among compliers, (Z → Y ) = (A → Y ).

E(Y Z=1 − Y Z=0) = E(Y A=1 − Y A=0 | S = Complier)πComplier

Rearrange to get the complier average treatment effect

E(Y A=1 − Y A=0 | S = Complier) =
E(Y Z=1 − Y Z=0)

πComplier

=
E(Y Z=1 − Y Z=0)

E(AZ=1 − AZ=0)
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Revisiting assumptions

▶ Instrument must be exchangeable

Z ⊥⊥ {Y z=0,Y z=1}

▶ Instrument must affect outcome only through treatment:

Z → A → Y

▶ Instrument must be strong: Z → A is an effect not near 0

▶ Monotonicity: There must be no defiers

Z A Y

U



Revisiting assumptions: Tutoring example

Z A Y

U

Instrument
Invited to
Tutoring

Treatment
Attends
Tutoring

Outcome
SAT
Score

The instrumental variable steps

1) Estimate effect of Z on Y

2) Estimate effect of Z on A

3) Divide (1) / (2)
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Requirement 4b) Monotonicity (No Defiers)
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What we want

Z A Y

U
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Outcome
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The instrumental variable steps
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An observational settings that is clean



https://www.historynet.com/whats-your-number/

https://www.historynet.com/whats-your-number/


https://commons.wikimedia.org/wiki/File:

1969_draft_lottery_photo.jpg

https://commons.wikimedia.org/wiki/File:1969_draft_lottery_photo.jpg
https://commons.wikimedia.org/wiki/File:1969_draft_lottery_photo.jpg


Z A Y

U

Drafted to serve
in Vietnam

Served in
military Earnings in 1980s

Noncompliance

This is credible

▶ Exogeneity: Randomly selected draft numbers

▶ Exclusion: Being drafted affects earnings only through service

▶ Monotonicity: No one joins the military in defiance of not
being drafted

Angrist, J. D. (1990). Lifetime earnings and the Vietnam era draft lottery:

Evidence from Social Security administrative records. The American Economic

Review, 313-336.

https://www.jstor.org/stable/2006669
https://www.jstor.org/stable/2006669


Z A Y

U

Drafted to serve
in Vietnam

Served in
military Earnings in 1980s

Noncompliance

This is credible

▶ Exogeneity: Randomly selected draft numbers

▶ Exclusion: Being drafted affects earnings only through service

▶ Monotonicity: No one joins the military in defiance of not
being drafted

Angrist, J. D. (1990). Lifetime earnings and the Vietnam era draft lottery:

Evidence from Social Security administrative records. The American Economic

Review, 313-336.

https://www.jstor.org/stable/2006669
https://www.jstor.org/stable/2006669


Z A Y

U

Drafted to serve
in Vietnam

Served in
military Earnings in 1980s

Noncompliance

This is credible

▶ Exogeneity: Randomly selected draft numbers

▶ Exclusion: Being drafted affects earnings only through service

▶ Monotonicity: No one joins the military in defiance of not
being drafted

Angrist, J. D. (1990). Lifetime earnings and the Vietnam era draft lottery:

Evidence from Social Security administrative records. The American Economic

Review, 313-336.

https://www.jstor.org/stable/2006669
https://www.jstor.org/stable/2006669


Z A Y

U

Drafted to serve
in Vietnam

Served in
military Earnings in 1980s

Noncompliance

This is credible

▶ Exogeneity: Randomly selected draft numbers

▶ Exclusion: Being drafted affects earnings only through service

▶ Monotonicity: No one joins the military in defiance of not
being drafted

Angrist, J. D. (1990). Lifetime earnings and the Vietnam era draft lottery:

Evidence from Social Security administrative records. The American Economic

Review, 313-336.

https://www.jstor.org/stable/2006669
https://www.jstor.org/stable/2006669


Z A Y

U

Drafted to serve
in Vietnam

Served in
military Earnings in 1980s

Noncompliance

This is credible

▶ Exogeneity: Randomly selected draft numbers

▶ Exclusion: Being drafted affects earnings only through service

▶ Monotonicity: No one joins the military in defiance of not
being drafted

Angrist, J. D. (1990). Lifetime earnings and the Vietnam era draft lottery:

Evidence from Social Security administrative records. The American Economic

Review, 313-336.

https://www.jstor.org/stable/2006669
https://www.jstor.org/stable/2006669


Observational settings that are less
straightforward



A difficult example: Genes as instruments
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Learning goals for today

At the end of class, you will be able to:

1. Understand the logic of instrumental variables

2. Derive the average effect among compliers in experiments
with noncompliance


